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TECHNICAL NOTE D-201 

METHODS OF PREDICTING LAMINAR HEATING RATES ON HYPERSONIC VEHICLES 

By Richard J. Wisniewski 

SUMMARY 

A summary of some of t h e  simplest  and best ava i l ab le  laminar heat-  
t r a n s f e r  t heo r i e s  f o r  flow i n  thermodynamic equi l ibr ium i s  presented.  
I n  some cases  the  e f f e c t s  of f rozen  f l o w  are included. Emphasis is 
placed on t h e  proper methods of obtaining hea t ing  rates t o  hypersonic 
bodies ,  wings, and cont ro l  sur faces .  The e f f e c t s  of yaw and t h e  de te r -  
mination of t h e  inv i sc id  flow f i e l d  are a l s o  considered. 
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INTRODUCTION 

The f l i g h t  pa th  of many hypersonic vehic les  such as g loba l  g l i d e r s  
o r  r een te r ing  s a t e l l i t e s  i s  such t h a t  m a x i m u m  hea t ing  w i l l  occur a t  very 
high a l t i t u d e s .  Since t h e  Reynolds numbers w i l l  be qu i t e  low, the  bound- 
a r y  l a y e r  i s  expected t o  remain laminar f o r  some d is tance  away from the  
leading edge. Although m a x i m u m  heating w i l l  occur a t  high a l t i t u d e s ,  t h e  
flow w i l l  s t i l l  be i n  the  continuum regime, and i n  many ins tances  equi- 
l i b r i u m  d i s soc ia t ions  w i l l  occur. Therefore, t he  design of h igh -a l t i t ude  
hypersonic vehic les  w i l l  r equi re  a knowledge of t h e  b e s t  ava i lab le  l a m i -  
na r  hea t - t r ans fe r  t heo r i e s  f o r  d i ssoc ia ted  flow i n  thermodynamic 
e q u i l i b r i u m .  

A t  p resent ,  t he  engineer des i r ing  t o  estimate laminar hea t ing  rates 
m u s t  be familiar with many d i f f e r e n t  theor ies  and a g rea t  many re ferences .  
This  r e p o r t  combines many of t he  theor ies  i n t o  one source and o u t l i n e s  
some of t h e  s implest  ava i l ab le  methods f o r  ca l cu la t ing  heat ing rates f o r  
equi l ibr ium flow. 
only.  

All the  theo r i e s  presented apply t o  an isothermal  w a l l  

SYMBOLS 

a sonic  ve loc i ty  

c i  mass f r a c t i o n  of ith component 
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Nu 

Pr  
- 

xci 2 
body diameter 

d i f fus ion  coe f f i c i en t  

thermal d i f fus ion  c o e f f i c i e n t  

see eqs.  (10) 

'/He 

t o t a l  enthalpy 

s t a t i c  enthalpy 

average atomic d i s s o c i a t i o n  energy times atomic mass f r a c t i o n  
i n  ex te rna l  flow 

enthalpy pe r  u n i t  mass of ith component 

heat evolved i n  formation of component i at 0 R per  u n i t  mass 
0 

perfect-gas  enthalpy per  u n i t  mass 

frozen thermal conduct ivi ty  

Lewis number, Dip:pfi 

thermal Lewis number, D F p Z p F  

~ ~ ~ ~ w o ~ w o  

Mach number 

molecular weight of undissociated air 

N u s s e l t  number 

Prandt 1 number, k/pcp 
- -  

pressure 

heating r a t e  

gas constant  
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nose rad ius  

small r ad ius  of curvature  at s tagnat ion po in t  of a th ree -  
dimensional body 

l a r g e  rad ius  of curvature  a t  s tagnat ion poin t  of a three-  
dimensional body 

Reynolds number , pwuex/pw 

Reynolds number , peuex/pe 

c y l i n d r i c a l  rad ius  of body 

blunt-body sonic  coordinate,  see  f i g .  2 

c i / c i  , e 

temperature 

cliGr*dise o r  l ong i tud ina l  veloci ty  component 

f l i g h t  ve loc i ty  

spanwise velocity component 

ve loc i ty  component p a r a l l e l  t o  shock 

long i tud ina l  coordinate  

chordwise component normal t o  leading edge 

blunt-body sonic-point coordinate, see f i g .  2 

normal coordinate 

r a t i o  of molecular weights, undissociated a i r  t o  d i s soc ia t ed  

angle  of a t t a c k  or root  angle of aerodynamic sur face  

e f f e c t i v e  flow de f l ec t ion  angle 

pressure-gradient  parameter 

r a t i o  of s p e c i f i c  hea t s  

f low de f l ec t ion  angle  
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II see eqs.  (3) 

o T/T, 

8 shock angle  

A yaw angle 

CI absolute  v i s c o s i t y  

V dynamic v i s c o s i t y  

5 see eqs.  ( 3 )  

P densi ty  

cp angular pos i t i on  

Subscr ipts  : 

as 

a w  

e 

eff  

W 

wo 
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A 

0 

1 

2 

2D 

3D 

axis y mme t r i c 

ad iaba t ic  w a l l  

ex te rna l  flow outs ide  boundary l a y e r  

e f f ec t ive  condi t ions 

w a l l  o r  sur face  value 

s tagnat ion w a l l  value 

d i f f e r e n t i a t i o n  wi th  respec t  t o  

quant i ty  pe r t a in ing  t o  yawed body 

s tagnat ion value behind normal shock 

f l i g h t  condi t ions,  or condi t ions upstream of shock 

conditions downstream of shock 

two dimensional 

three dimensional 



Superscr ip ts :  

a see  eq. (25) 

n see eqs.  ( 3 )  

* based on re ference  temperature 

TRANSPORT OF HE3T 

When the  chemical r e a c t i o n  r a t e s  through a boundary l a y e r  are very 
l a rge ,  t h e  concent ra t ion-of  atoms within t h e  boundary l a y e r  w i l l  be i n  
thermochemical equi l ibr ium. The temperature grad ien t  through t h e  bound- 
a ry  l a y e r  then uniquely determines the concentrat ion gradien t ,  and t h e  
enthalpy-temperature r e l a t i o n  depends only on the  pressure .  Thus, t h e  
flow i s  considered t o  be i n  a s ta te  of thermodynamic equi l ibr ium. 

The l o c a l  hea t - t r ans fe r  rate t o  a body surrounded by flow i n  t h e r -  
modynamic equi l ibr ium i s  determined by t h e  sum of t h e  hea t  t r a n s f e r r e d  
by conduction and t h e  hea t  t ransfer red  by d i f fus ion .  I n  re ference  1, t h e  
heat  t r a n s f e r  t o  t h e  w a l l  i s  given by 

The f irst  term i n  equat ion (1) mere ly  r ep resen t s  t h e  hea t  t h a t  i s  
conducted because of t h e  temperature grad ien t  normal t o  the  w a l l .  A sec-  
ond term, however, must  a l s o  be added sirice at high temperatures a con- 
cen t r a t ion  gradien t  of atoms e x i s t s  between the  edge of t he  boundary 
l a y e r  and the  w a l l .  
amount of  recombination energy released a t  t h e  w a l l  due t o  t h e  d i f fus ion  
of atoms through the  boundary l a y e r .  

The second term i n  equat.ion (1) represents  t h e  

By using t h e  dimensionless var iab les  suggested i n  reference 1, 
equat ion (1) becomes 



6 , 

where 

g = '/He 

0 = TITe 

si = Ci/ci,e 

(3)  

and the ratio of the atomic diffusion coefficient to the thermal diffu- 
sivity is the Lewis number 
to the thermal diffusivity is represented as the thermal Lewis number 

Li, while the ratio of the thermal diffusion 

M 

'I' 
Li. 
n = 1.0. 
centration gradient vanishes) or for the special case Li = 1 and the 

T usual boundary-layer assumption 
(2) vanishes. 

For two-dimensional flow n = 0, while for axisymmetric flow 
For the case in which no recombination occurs at the wall (con- . 

Li = 0, the summation term in equation 
Equation (2) then becomes 

If the following are defined, 
- 

Rew E U,X/Y, 

the heat-transfer rate for the case of zero yaw can be written as 

where 
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and the  value of 
l u t i o n s ,  while a l l  o the r  parameters needed i n  equat ion (7 )  a r e  determined 
from t h e  i n v i s c i d  flow f i e l d  and the w a l l  temperature. 

Nu/& m u s t  be obtained from t h e  boundary-layer so- 

L e w i s  Number of Unity 

By neglec t ing  thermal d i f fus ion  (LT = 0) and assuming a Lewis  number 
equal  t o  1.0, the  laminar boundary-layer equations f o r  a d i s soc ia t ed  gas 
a t  a two-dimensional o r  axisymmetric s tagnat ion poin t  from reference  2 
are w r i t t e n  as: 

Momentum: 

STAGNATION FLOW 

Energy : 

(If7& + f fvv + P (2 - f;) = 0 

where 

f = aq f,, dv 

and g and q are def ined by equations (3) .  The boundary condi t ions 
a r e  

Solu t ion  of equations (8) and (9) requi res  specifying pe/p and I as 
func t ions  of g p lus  the  proper value of p .  
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Fay and Riddell (ref. 2) have numerically solved these equations for 
the axisymmetric stagnation point ( p  = 0.5) and a variety of representa- 
tive flight conditions. 
two-dimensional case ( p  = 1.0) and various representative flight condi- 
tions has been made by Kemp, Rose, and Detra in reference 1 but has not 
been explicitly presented as the two-dimensional stagnation solution. 

4 

Numerical solution of these equations for the 

For the case of stagnation-point flow it can be shown that by using 
equations (4) to (7) and replacing Ue by Ff 

the heat-transfer parameter becomes: 

Axisymmetric: 

q=O 
p=O .5 

N 
m 
0 

Two dimensional : 

-3- ($& = (1 - %) q=O 
p1.0 

Plotted in figure 1 are the theoretical values of 
using the flight conditions listed in the table of reference 2. It is 
apparent that 
of pp at the edge of the boundary layer to that at the wall. For 
popo/pwo~o 
sented, and they too correlate well. 

Nu/& obtained by 

Nu/& can be easily correlated in terms of the ra'cio 

equal to 1.0, the solutions of reference 3 have been pre- 

For flow at the stagnation point of an axisymmetric blunt body, ref- 

for a real fluid can be approximated by 
erence 2 has shown that when Li = 1.0 and % = 0.71 the theoretical 
values of Nu/& 

(&)as Z 0.67 ( pope )Oo4' 
~wor-cwo 

For the case of two-dimensional stagnation-point flow and similar condi- 
tions, the results of reference 1 yield 

. 

(--&=)2D f 0.495 ( 
Pwoho 
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. 
I n  re fe rence  4, Beckwith has compared the  rea l -gas  axisymmetric 

L s tagnat ion-poin t  s o l u t i o n  of reference 2 wi th  t h e  per fec t -gas  so lu t ion .  
T h i s  comparison revea led  t h a t  t he  appropriate  per fec t -gas  s o l u t i o n  i s  
one f o r  which the  t o t a l  v a r i a t i o n  of pp ac ross  t h e  boundary l a y e r  i s  
t h e  same as i n  t h e  rea l -gas  case.  Reference 4 then  concludes t h a t  t h e  
hea t  t r a n s f e r  at t h e  s tagnat ion  poin t  is not  s e n s i t i v e  t o  t h e  e f f e c t s  of 
d i s s o c i a t i o n  on t h e  dgnsi ty  and spec i f i c  hea t  wi th in  t h e  boundary l aye r .  

> Beckwith f u r t h e r  reasoned t h a t  the two-dimensional perfect-gas  so- 
.I l u t i o n  could be extended i n  the  same manner. I n  f a c t ,  he found t h a t  t h e  
1 h e a t - t r a n s f e r  parameter N u / G w  at the s t agna t ion  l i n e  of  a two- 

3 

I 

dimensional yawed o r  unyawed body could be c o r r e l a t e d  i n  terms of pp 
provided t h e  a c t u a l  condi t ions i n  t h e  ex te rna l  flow at  t h e  s tagnat ion  
l i n e  are used t o  determine t h e  proper pp r a t i o .  

The r e su l t s  of re ference  4 a t  t he  s t agna t ion  l i n e  of a yawed o r  un- 
yawed two-dimensional body can be represented as 

U 
I 
5 -  
2 

This equat ion agrees  very w e l l  wi th  the r ea l -gas  s o l u t i o n  (eq. (1.611, 
thereby completely j u s t i f y i n g  t h e  ex t rapola t ion  of re ference  4 t o  the  
two-dimensional s t agna t ion  l i n e .  For the case of a s t agna t ion  l i n e  on a 
yawed two-dimensional body, complete j u s t i f i c a t i o n  i s  not poss ib l e  s ince  
no r ea l -gas  so lu t ions  are ava i l ab le  fo r  comparison; however, t h e  extrapo- 
l a t i o n  does appear very reasonable .  

Although no rea l -gas  so lu t ions  a r e  a v a i l a b l e  f o r  a three-dimensional 
s t agna t ion  po in t ,  a reasonable estimate can be obtained from t h e  resu l t s  
of  Reshotko i n  re ference  5. These r e s u l t s  i n d i c a t e  t h a t  t he  hea t -  
t r a n s f e r  parameter can be expressed as 

where Rx i s  t h e  smaller p r i n c i p a l  radius of curvature  and R, i s  t h e  
l a r g e r  p r i n c i p a l  radius of curvature .  For Rx/R = 0, equat ion (18) re -  
duces exac t ly  t o  t h e  two-dimensional expression feq.  ( 1 7 ) ) .  
for 
metr ic  case (eq. (15)). 

However, 
S / R z  = 1, equat ion (18) devia tes  only s l i g h t l y  from t h e  axisym- 
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Lewis Number Di f fe ren t  From 1.0 
4 

The previous r e s u l t s  have been f o r  a boundary l aye r  i n  thermodynamic 
equilibrium with a Lewis number of 1.0 and a P rand t l  number of 0.71. 
t h e  L e w i s  number i s  not equal  t o  1.0, then  from reference ’2 t he  energy 
equation i s  w r i t t e n  as 

If 

0 
0 Numerical so lu t ion  of equations (19) and (8) f o r  t he  axisymmetric 

s tagnat ion  poin t  and values of from 1 t o  2 a r e  presented i n  ref- 
erence 2. The r e s u l t s  of reference ’2 i nd ica t e  that t h e  e f f e c t  of L e w i s  
number on the  hea t - t r ans fe r  parameter can be simply co r re l a t ed  and i s  
b e s t  given by  

L i  

where the d i s soc ia t ion  energy per  u n i t  mass of a i r  hD i s  def ined as 

at oms 

The value of hD can be estimated by using appendix A. Although equa- 
t i o n  (20)  i s  a s tagnat ion  poin t  i n  an axisymmetric flow, extension t o  t h e  
s tagnat ion  poin t  i n  a two- or three-dimensional flow would probably be 
accurate .  

Frozen Flow 

Since it i s  poss ib le  f o r  frozen flow t o  e x i s t  (very slow reac t ion  

A t  a L e w i s  number of 1.0, the  frozen and equilibrium 
rates), it i s  worthwhile t o  include i t s  e f f e c t  on t h e  hea t - t ransfer  
parameter. 
boundary-layer equations a r e  i d e n t i c a l ,  and t h e r e  i s  no e f f e c t .  
Lewis numbers o ther  than 1.0 t h e  r e s u l t s  of re ference  2 i nd ica t e  t h a t  
t h e  e f f e c t  of Lewis number on the  frozen-flow hea t  t r a n s f e r  can be s i m -  
p ly  cor re la ted  and i s  bes t  given by 

For 

hD E l +  ( Li - 1) q 
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The e f f e c t  of  P rand t l  number on the hea t - t r ans fe r  parameter has 
been considered i n  references 2 and 3. The same co r rec t ion  can be ap- 
p l i e d  t o  t h e  resul ts  presented here in  and i s  included i n  the  fol lowing 
expressions f o r  t h e  hea t ing  rates i n  t h e  next s ec t ion .  

Engineering Calculat ion of  Heat-Transfer Rate i n  Stagnat ion Region 

Stagnat ion po in t  of an axisymmetric b lunt  body ( n  = 1). - The hea t -  
t r a n s f e r  ra te  a t  the s tagnat ion  poin t  o f  a b lunt  body f o r  a Lewis  number 
o the r  than 1.0% and a P r a n d t l  number of 0 . 7 1  using equat ions (7), (12), 
(15), (20), and ( 2 2 )  can be w r i t t e n  as 

(23) 

where a = 0.52 
I n  order  t o  co r rec t  f o r  a Pr  o the r  than 0.71, rep lace  the  constant  

f o r  thermoQnamic e q u i l i b r i u m  and 0.63 f o r  f rozen f low.  
.kl - 
0 0.94 i n  equat ion (23)  by 0 .76  5-0.6. 

Y *  
k 3  

r-- 2 
For axisymmetric bodies which a re  not t o o  b lun t  (see below) t h e  

Tieloc i t 7  gradien t  (due/dx) x=o 
flow and i s  expressed as 

can be obtained from modified Newtonian u 

For very b l u n t  bodies experimental  pressure d i s t r i b u t i o n s  m u s t  be used 
t o  determine t h e  s tagnat ion-poin t  veloci ty  g rad ien t .  Boison and C u r t i s s  
i n  re ference  6 have co r re l a t ed  t h e  experimental s tagnat ion-point  ve loc i ty  
grad ien t  measurements wi th  a bluntness  parameter based on body sonic-  
po in t  coordinates  f o r  a range of  shapes from concave t o  an equivalent  
hemisphere. 

Presented i n  f i g u r e  2 are t h e  experimental ve loc i ty  grad ien t  data 
These da t a  are cor re la ted  aga ins t  t h e  bluntness  param- 

and are compared with Newtonian theory a t  a Mach number of 
of re ference  6 .  
e t e r  xs/rs 
4.76. 
approximate (dUe/dx) x = ~  
X s / r s  > 0.35. 
mation-of t h e  s t agna t ion  ve loc i ty  gradient f o r  any shape a t  hypersonic 
speeds,  neglec t ing  rea l -gas  e f f e c t s .  

From t hese  d a t a  it i s  seen that  Newtonian theory can be used t o  
f o r  bodies less b l u n t  ,than those  wi th  

The Mach 4.76 curve can be used t o  obta in  a c lose  approxi- 

* Ref. 2 concludes t h a t  t h e  best  value of Lewis number i s  approxi- 
mately 1.4.  
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Stagnat ion l i n e  on a wing or  con t ro l  sur face  including e f f e c t s  of yaw 
( n  = 0 ) .  - From equations ( 7 ) ,  (12), (17), (ZO), and (22), heat ing  rate at 
the  s tagnat ion  l i n e  of a b lunt  two-dimensional lead ing  edge f o r  a Lewis 
number o the r  than 1.0 and a Pr of 0 . 7 1  i s  w r i t t e n  as 

where a. = 0.52 f o r  thermodynamic c equi l ibr ium and 0.63 f o r  f rozen  flow. 
I n  order tp  co r rec t  f o r  Pr other  than  0.71, rep lace  t h e  constant  0.706 
by 0.565 

The v e l o c i t y  grad ien t  f o r  c y l i n d r i c a l  leading edges is given by 
equation (24). 
regular  phys i ca l  shapes, experimental  p ressure  measurements should be 
used t o  determine t h e  v e l o c i t y  grad ien t .  

For leading edges having l a r g e  radii  of curvature o r  ir- 

For t h e  s tagnat ion  l i n e  of a yawed wing o r  con t ro l  surface wi th  
L i  = 1.0 and Pr = 0.71, t h e  hea t ing  rate i s  given by 

where 

For a yawed c i r c u l a r  cy l inder  the resul ts  of reference 7 presented i n  
f i g u r e  3 a r e  used t o  determine the  chordwise ve loc i ty  grad ien t  
(due/dx)A,,=O. 
cyl inder ,  experimental  p ressure  da ta  should be used t o  determine the  cor-  
r e c t  ve loc i ty  grad ien t .  

If the lead ing  edge cannot be t r e a t e d  as a c i r c u l a r  

The method f o r  determining t h e  var ious  parameters requi red  i n  addi- 
t i o n  t o  the ve loc i ty  grad ien t  i s  discussed i n  appendix B. 
important t h a t  t h e  value of 
t i o n s  i n  the  e x t e r n a l  flow at  t h e  s t agna t ion  l i n e  of the  cyl inder .  

It i s  very 
~ I J .  be determined by using the  a c t u a l  condi- 

Three-dimensional flow near the s t agna t ion  po in t  of a b lun t  th ree-  
dimensional body. - By using equations (7), (E) ,  (18), ( Z O ) ,  and (22), 
the  heating r a t e  a t  the s tagnat ion  po in t  f o r  three-dimensional flow i s  
w r i t t e n  as 

? 
N cn 
0 

- 
. 

c 
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0 
CD cu 

I w 

+ (Ly - 1) %](He - hw) 
He 

where a = 0.52 f o r  thermodynamic equi l ibr ium and 0.63 f o r  f rozen  flow, 
and RJR, 
I n  order  t o  co r rec t  f o r  Pr o the r  than 0.71, rep lace  the  constant  0.706 
by 0.565 z -0 .6 .  

i s  t h e  r a t i o  - of t h e  smaller t o  l a r g e r  r ad ius  of curvature .  

The ve loc i ty  grad ien t  f o r  t he  three-dimensional s tagnat ion  poin t  i s  
obtained i n  the  manner suggested i n  reference 5 and is  given by 

Lewis Number of Unity 

The boundary-layer equat ions f o r  t h e  flow away from the  s tagnat ion  
po in t  of an axisymmetric b lun t  body i n  d i s soc ia t ed  air  have been treated 
i n  de ta i l  by Kemp, Rose, and Detra in  reference 1. me so lu t ions  of ref- 
erence 1 are based on the assumptions of l o c a l  s i m i l a r i t y ,  L i  = 1, and 
LT = 0. The assumption of l o c a l  s i m i l a r i t y  r equ i r e s  t h a t  the ve loc i ty  
and enthalpy p r o f i l e s  remain s i m i l a r  ( funct ions of 7 only) ,  at l e a s t  
f o r  an appreciable  d is tance  along the  body, thereby reducing t h e  boundary- 
l a y e r  equations t o  ordinary d i f f e r e n t i a l  equations.  O f  course, t he  as- 
sumption of l o c a l  s i m i l a r i t y  w i l l  not be v a l i d  f o r  t he  e n t i r e  d i s tance  
away from t h e  s tagnat ion  point .  For example, some ca l cu la t ions  made i n  
re ference  1 ind ica t e  t h a t  on a hemisphere t h e  assumption of l o c a l  s i m i -  
l a r i t y  breaks down q u i t e  r ap id ly  at  angular pos i t ions  g rea t e r  than 60'. 
Nevertheless,  f o r  most cases of i n t e r e s t  the  r e s u l t s  presented  here 
should be adequate. 

If the previous assumptions are  used, the  boundary-layer equations 
from reference  1 a r e :  
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Momentum equation: 

Energy equation! 

wi th  the boundary condi t ions given i n  equat ion (11). 

The d i f f e rence  between equat ions (29) and (30) and the  s tagnat ion-  
po in t  equations i s  the  inc lus ion  of t h e  d i s s i p a t i o n  f a c t o r  ug/He (zero 
a t  t h e  s tagnat ion  po in t )  and t h e  eva lua t ion  of t he  f l u i d  proper t ies .  
The f l u i d  p rope r t i e s  pe/p and pp/pepe depend on the  s t a t i c  enthalpy 
h ins tead  of t he  s tagnat ion  enthalpy g where t h e  r e l a t i o n  between g 
and h is given by 

17 me h/He = g - f 

4 

. 
For most p r a c t i c a l  cases  re ference  1 has found t h a t  neglect ing t h e  d i s -  
s i p a t i o n  term .,"/He and assuming t h e  f l u i d  p rope r t i e s  t o  depend on g 
only do not s i g n i f i c a n t l y  modify t h e  values  of 
value of p .  

a 

g17,w/(l - gw) f o r  a given 

Omission of the  d i s s i p a t i o n  f a c t o r  and eva lua t ion  of t he  f l u i d  prop- 
e r t i e s  i n  terms of 
s tagnat ion-point  equations with the  proper value of t he  pressure-gradient  
parameter p .  Solut ion of these  equat ions can be cibtained from reference  
1 where Kemp, Rose, and Detra found t h a t  [g.,,/(l - gw)]q=o can be cor re-  

l a t e d  i n  terms of t he  pressure-gradient  parameter p and t h e  s tagnat ion  
value of the pp r a t i o .  

g only reduce equat ions (29) and (30) t o  t h e  

Values of C g V / ( l  - g,l]rl=o requi red  for hea t - t r ans fe r  ca l cu la t ion  

(see below) a r e  presented i n  f i g u r e  4 as a func t ion  of p o ~ d p w o ~ w o *  
These values were obtained by f a i r i n g  l i n e s  through t h e  so lu t ions  of ref- 
erence 1 fo r  p = 0, 0.5, 1.0, and 2.0. Reference 1 a l s o  ind ica t e s  t h a t  

< 0.55 t h e  value of [g /(l - &)] PWO 
- 17 q=O - pwo~wo 

wi th in  the  range 0.15 < 
can be approximated as 
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The r e l a t i o n s h i p  between [g,/(l - gw)]rl=o and t h e  h e a t - t r a n s f e r  param- 

e t e r  Nu/& a t  any poin t  on an axisymmetric or two-dimensional b lun t  
body can- be expressed as 

A more detailed d iscuss ion  of the preceding ana lys i s  i s  given i n  ref- 
erence 1. 

Away from the s tagnat ion  l i n e  the  e f f e c t s  of yaw have not been r i g -  
orously considered f o r  t h e  rea l -gas  case. However, as a f i r s t  approxi- 
mation the  fol lowing method of ca lcu la t ion  i s  s u  gested.  This method is  
based on t h e  assumptions of l o c a l  s i m i l a r i t y ,  hWTHe << 1, and c o r r e l a t i o n  
of t h e  values  of [gq/(l - gw)]rl=o f o r  a yawed two-dimensional body i n  

t h e  same manner as for  an unyawed body, provided t h e  pp r a t i o  i s  deter- 
mined by using t h e  a c t u a l  e x t e r n a l  f l u i d  p rope r t i e s  on t h e  yawed body. 
It 1s i111gl%~2 in t h e  assumption of 

approximately t r u e  for  TbT/T~ = 0. 
t e s t e d ,  and one would expect them t o  break do-a at l e a s t  as rap id ly  as 
t h e  assumption of l o c a l  s imilarLty f o r  an  unyawed body. 

i s  j u s t i f i e d  as a first approximation s ince  reference 4 has found equa- 
t i o n  (17)  t o  c o r r e l a t e  successfu l ly  on t h e  s tagnat ion  l i n e  of a yawed 
body provided the  e x t e r n a l  flow proper t ies  on the  yawed body a r e  used. 

%/He << 1 
are asproxina te iy  iridepczSer?+. OC y & x .  -3c .m re fe rence  4 t h i s  is  

These a s suEp ions  =e zomp,lrtely xi- 

Assuming a cor-  
with the a c t u a l  pp r a t i o  of a yawed body 

t h a t  t h e  values  of  

g,ig, 10 

I n  the  preceding paragraphs no attempt has been made t o  include t h e  
e f f e c t  of a L e w i s  number o ther  than 1.0 or a F'randtl number o ther  than 
0.71. However, f o r  engineer ing purposes re ference  1 found t h a t  a cor- 
r e c t i o n  f o r  Lewis number and F'randtl number appl ied  a t  the s t agna t ion  
poin t  i s  adequate over t h e  e n t i r e  body. 

Calculat ion of Heat-Transfer Rate Around a Blunt 

Body with Favorable Pressure Gradient 

Flow around an axisymmetric blunt  body (n = 1 . - The hea t - t r ans fe r  
rate a t  any poin t  around the  body using equations 7 )  and (33) i s  given 
by 
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where [gq/(l - gw)],=, can be obtained from f igu re  4 as a func t ion  of 

and the  pressure-gradient  parameter p.  Within t h e  range p o ~ o ~ ~ w o ~ w o  

< 0.55 re ference  1 i n d i c a t e s  t he  fol lowing approximation: pop0 0.15 < - pwo%?o - 

M 

The pressure-gradient parameter p i s  def ined as 

P = 2(:)($) 

or, f o r  a very cold  w a l l  where 
eter can be w r i t t e n  as 

pw = pe/RTw, the  pressure-gradient  param- 

(37 1 

For axisymmetric s tagnat ion-point  flow 
flow p E 1.0. 
parameter on a hemisphere and a cy l inder  i s  shown i n  f i g u r e  5. 

p = 0.5, and f o r  two-dimensional 
A t y p i c a l  d i s t r i b u t i o n  of t h e  l o c a l  pressure-gradient  

By using equations (12) and (34) the  l o c a l  hea t ing  r a t e  t o  t h e  
s tagnat ion-point  hea t ing  rate can be w r i t t e n  as 

where t h e  value of (%/g,, , o) ,-o - i s  obtained from f i g u r e  4. 

I n  the expression f o r  (q/qo) no attempt has been made t o  include 

However, f o r  engineering purposes re ference  1 i n d i c a t e s  t h a t  

as 
the  e f f e c t  of a L e w i s  number o ther  than  1.0 or a Prand t l  number o the r  
than  0.71. 
a cor rec t ion  for Lewis number and P rand t l  number appl ied  at t h e  stagna- 
t i o n  po in t  should be adequate over t h e  e n t i r e  body. ). 

A t  t h i s  po in t  it would be i n t e r e s t i n g  t o  compare equat ion (38) with 
the  r e s u l t s  given by Lees i n  reference 8. Since Lees assumes 
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pwpw = pepe, a comparison can be e a s i l y  made, and Lees' expression for 
(q/qo) becomes as 

Comparing equations (38) and (39) gives  

Heat, eq. 

The r a t i o  of hea t ing  rate d i s t r i b u t i o n  presented i n  t h i s  r epor t  t o  
that of Lees (eq. (40)) i s  compared i n  f igu re  6 f o r  bo th  the  axisymmetric 
and two-dimensional case f o r  various values of p and p p /p p . It 
i s  apparent from f i g u r e  6 t h a t  t h e r e  i s  l i t t l e  e r r o r  i n  Lees method for 
t he  range of popo/pwopwo 

0 0' wo wo 

t h a t  w i l l  't;e encountered i n  p r a c t i c a l  cases .  

Eowevcr, n pointed QUL i r l  i e f c r c : : ~ ' ~ ~  1 grid 2 ,  the  r e s u l t s  of Lees 
5s yield some e r r o r  a t  t h e  s tagnat ion  poiri t .  %is f a c t  i s  ilemorisilatc2 
i n  f i g u r e  1 where t h e  present  s tagnat ion-point  resu l t s  a r e  compared w i T h  
re fe rence  8. Nevertheless,  Lees' method i s  s a t i s f a c t o r y  for  engineer ing 
computations a t  t h e  s tagnat ion  poin t .  

Boundary-layer flow around leading edge of a wing or c o n t r o l  sur face  
inc luding  e f f e c t s  of yaw (n = 0). - The hea t - t r ans fe r  rate at  any poin t  
around an unyawed b lun t  lead ing  edge ( L i  = 1.0, = 0.71) i s  given by 

where [g7/(1 - &)),=, can be obtained from f i g u r e  4 as a func t ion  of 

~ ~ p d p ~ , ~ ~ ,  and t h e  pressure-gradient  parameter p .  Within t h e  range 

< 0.55 re ference  1 indica tes  t h a t  [g /(1 - b)] can 
7 q=O 0.15 < - P W O ~ W O  - 

be approximated by equation (35). The pressure-gradient  parameter p 
defined by equat ion (36) and f o r  a cold w a l l  (no d i s soc ia t ion )  reduces 

is  
t o  

s ince  k = 0. 

p = 2 ( 2 )  JX dx 
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The r a t i o  of t h e  l o c a l  hea t ing  rate t o  the  hea t ing  r a t e  at the  s t ag -  
nat ion po in t  can be expressed as 

is  obtained from f i g u r e  4. AltHough equation (43) i s  

f o r  L i  = 1.0 and Pr si 0.71, t he  co r rec t ions  f o r  Lewis number and 
Prandt l  number made at the  s tagnat ion  l i n e  should be adequate f o r  t h e  
e n t i r e  lead ing  edge. 

Since no rea l -gas  so lu t ions  are a v a i l a b l e  which have considered the 
e f f e c t s  of yaw away from the  s tagnat ion  l i n e ,  t h e  following method i s  
suggested. 
can be co r re l a t ed  i n  the  same manner as f o r  an unyawed surface.  There- 
f o r e ,  the  r a t i o  of hea t ing  r a t e  a t  any po in t  on the  body t o  t h e  s tagna-  
t i o n  l i n e  of the yawed sur face  y i e l d s  

Assume that the  values  of g q / ( l  - h) f o r  a yawed sur face  

A, x=O where (due/&) 

t a ined  from f i g u r e  4 

yawed s u r f  ace.  

i s  the  chordwise 

u dx, and t h e  
e , A  

l i n e  ve loc i ty  grad ien t  (see f i g .  

values  of (g /g ) a r e  ob- 
q 7 > 0  A,q=O 

using the  value of j3 and (popdpwopw~)A on t h e  

Once the  pressure d i s t r i b u t i o n  is  known around t h e  yawed body, t he  
e x t e r n a l  flow proper t ies  can be found. According t o  reference 7,  t he  
chordwise pressure  d i s t r i b u t i o n  over a yawed c i r c u l a r  cy l inder  can be 
reasonably represented by 

- p1 = c0s2($) 
Pwo,A - '1 (45) 

For a noncircular  yawed cyl inder  it would appear t h a t  a modified New- 
ton ian  pressure d i s t r i b u t i o n  would be adequate t o  determine t h e  hea t ing  
r a t e s  provided the  co r rec t  chordwise v e l o c i t y  grad ien t  i s  used a t  t h e  
stagnation l i n e .  
sur face  i s  presented i n  appendix B. 

A f u r t h e r  d i scuss ion  of t h e  flow pr0pertie.s on a yawed c 
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FLOW W I T H  ZERO PRESSURE GRADIENT 

Solu t ions  for Case of a Dissociated Free Stream 

Solu t ions  f o r  t h e  laminar boundary layer  wi th  zero pressure  g rad ien t  
inc luding  t h e  case of  a compressible d issoc ia ted  free stream have been 
presented  i n  re ference  9.  
(ref. 10) wi th  these  exac t  so lu t ions  ind ica tes  agreement t o  wi th in  6 per -  
cen t .  Therefore,  the re ference  enthalpy method can be recommended f o r  
c a l c u l a t i n g  t h e  hea t ing  rates on zero yaw cones, cy l inders ,  wedges, and 
f la t  p l a t e s ,  f o r  any f l i g h t  condi t ions.  However, t h e  r e s u l t s  presented  
i n  t h i s  r e p o r t  do not  consider  t h e  viscous- inviscid i n t e r a c t i o n  phenomena 
a t  t h e  lead ing  edge of wedges o r  f l a t  p l a t e s ,  and, hence, t h e  hea t -  
t r a n s f e r  r e s u l t s  do not  apply i n  the  v i c i n i t y  of t h e  lead ing  edge. 

A comparison of  t h e  re ference  enthalpy method 

The only yawed bodies  on which a zero pressure  grad ien t  i s  poss ib l e  
are t h e  f la t  p l a t e ,  f la t  p l a t e  at angle of a t t a c k ,  and the  wedge. The 
f l a t  p l a t e  has been treated i n  reference 11 where it has been shown t h a t  

aoli~t.io:ls s-pp2i ic +.he Dlanes containing t h e  r e s u l t a n t  stream v e l o c i t y  
vec to r .  
however, w i l l  r equ i r e  f u r t h e r  d i s c u s s i m  since thzy 81.r thren-c?i  rr:erlsiczd 

i d -  t he  boundary l a y e r  i s  unaffected by yaw and the normal boundary-layer 
2 
@ The yawed ;~-cQe aiid t h e  yaweli Ylat 2 l ~ t . p  a t  angle of a t t a c k ,  
m ,  

I 

3 problems. 

Engineering Calculat ion of Heat-Transfer Rate 

f o r  Zero-Pressure-Gradient Flow 

Flow on zero-pressure-gradient por t ion  of a body. - On t h e  cy l in -  
d r i c a l  o r  conica l  po r t ion  of  the body, the hea t ing  r a t e s  can be calcu- 
l a t e d  f o r  a l l  f l i g h t  conditions by simply using a re ference  enthalpy 
method such as reference 10. 

The hea t ing  rates on the cy l ind r i ca l  po r t ion  are i d e n t i c a l  t o  f l a t -  
p l a t e  r e s u l t s  f o r  t h e  same wetted dis tance.  For t h e  cone, however, t he  
hea t ing  ra te  i s  4 times the  f l a t - p l a t e  hea t ing  rate f o r  t h e  same wetted 
d i s t ance .  This d i f f e rence  can be eas i ly  shown by using the Mangler 
t ransformation from the cone t o  the f l a t  p l a t e .  

Flow on zero-pressure-gradient por t ion  of a wing o r  con t ro l  sur face  
including e f f e c t s  of yaw**. - On most t m i c a l  hmerson ic  vehicles  the  - "I " A  

wing can be represented as a yawed f l a t  p l a t e ,  while the  con t ro l  sur faces  
can be considered yaved f l a t  p l a t e s  or wedges. 

**This ana lys i s  does not apply i n  the v i c i n i t y  of the  lead ing  edge 
where viscous- iuvlscid in t e rac t ion  phenomena occur .  
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h 

Calculat ion of hea t ing  rates on a f l a t  p l a t e ,  a yawed f l a t  p l a t e ,  
o r  an unyawed wedge is  qu i t e  simple. A re ference  enthalpy method such 
as Eckert ' s  (ref.  10) w i l l  y i e l d  good answers when the  theory i s  appl ied  
along t h e  streamwise coordinate.  

4 

However, t h e  yawed-wedge-type con t ro l  sur face  and t h e  yawed f l a t  
p l a t e  wing o r  con t ro l  sur face  a t  angle  of a t t a c k  (windward side only) 
cannot be treated exac t ly  as i n  t h e  preceding manner. Since they form 
three-dimensional boundary-layer problems, t he  "independence p r i n c i p l e "  
(see r e f .  11) i nd ica t e s  t h a t  t h e  t r ansve r se  momentum equat ion can be 
ignored and t h a t  a two-dimensional boundary-layer s o l u t i o n  such as t h a t  
of  reference 10 should be appl ied  along t h e  coordinate  normal t o  t h e  
leading edge. 

Consider t he  flow through t h e  shock of a yawed wedge or f l a t  p l a t e  
I n  f i g u r e s  7(a)  and (b) t h e  flow has been reso lved  at angle of  a t t ack .  

i n t o  components p a r a l l e l  and normal t o  the  shock. A coordinate  system 
is  set  up such t h a t  xn i s  t h e  d i s t ance  normal t o  the  leading edge, 
Ue,A i s  t h e  component of ve loc i ty  normal t o  the  lead ing  edge, and 
i s  the  spanwise ve loc i ty  component. Now, i n  order  t o  use t h e  method of 
reference 10 t h e  i n v i s c i d  flow p rope r t i e s  
determined . 

e,A v 

and u must be 'w,h e +  & 

Using f igu res  7 ( a )  and (b) and re ference  1 2  gives  t h e  fol lowing 
expressions f o r  u and p e,A w,A' 

Yawed wedge : 

U = -J$-+ 
- e )  t a n ( 8  - ti> 

t a n  8 ~2 = V1 COS A c0s(9Oo 

w2 = V1 cos A sin(90' - 8 )  (48) - 'w A = (L - $ylMl 2 cos 2 A s i n  2 e + 1 
P1 

(49 1 

8 = .9(6,V, cos A),  see f i g .  3 of  ref.  12 (50) 

Notice t h a t  bo th  6 and 6 are measured wi th  re ference  t o  t h e  yawed 
f l i g h t  ve loc i ty  V1 cos A. The wedge angle  6 should not  be confused 
with t h e  root angle  a. However, i f  t h e  r o o t  angle  i s  spec i f i ed ,  then . 

s i n  6 = s i n  a cos A (51) 
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Yawed f l a t  p l a t e  a t  angle  of a t t ack :  

I w 

Y 

t a n ( @  - a ' )  
t a n  8 u Z  = veff C O S ( ~ O O  - e) 

w2 = Veff sin(9o0 - e) 

8 = @ ( a ' , V , f f )  , see f i g .  3 of  re f .  13 

(55) 

(56) 

cos a cos A 

t/l - s in2a  c o s 2 ~  
cos a '  = (57)  

Therefore,  by w r i t i n g  t h e  expression f o r  t h e  hea t ing  rate of r e f e r -  
ence 10 i n  terms of  t he  flow proper t ies  along t h e  coordinate normal t o  
t h e  lead ing  edge, t h e  following is obtained: 

(58) 

* where u ~ , ~  i s  the  ve loc i ty  a long x,, Pr i s  t h e  P rand t l  number based 
on t h e  re ference  temperature, and the fol lowing expressions hold  t r u e :  

7 p* = 'w Amo 
Z*RT* 

i 
* 

- 'e,A"n Re* - 
x , n  P* 

p* = p*(T*) 

Y I 

(59) 

T ii = T * ( ~ ~ , ~ , L * )  J 
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n 

A - -  
he,A = He,A 2 

2 
ve A - -  He,h = He 2 

haw = He - Vg,A + 2 uE,A (1 - JI;.") 
Pr" = Pr*(T*) d 

Once Pw,A i s  determined, t h e  c h a r t s  of re ference  13 are h e l p f u l  
i n  determining some of t h e  preceding q u a n t i t i e s .  

CONCLUDING REMARKS 

A summary of some of t he  ava i l ab le  laminar t h e o r i e s  f o r  computing 
hea t ing  rates on hypersonic vehic les  has been presented.  
been made t o  be overly r igorous i n  the  p re sen ta t ion  of these  resu l t s .  
The engineering equations presented here ,  however, should enable one t o  
p r e d i c t  adequately the  laminar hea t ing  rates encountered on hypersonic 
veh ic l e s .  

N o  at tempt has 

M 
I 
N a 
0 

M I  

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, September 21,  1959 
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APPENDIX A 

FRACTION OF ENERGY I N  DISSOCIATION 

The f r a c t i o n  of energy i n  d i s soc ia t ion  can be es t imated  by 
using t h e  r e s u l t s  presented i n  reference 14.  
He inc ludes  t h e  energy of d i s soc ia t ion  hD i n  add i t ion  t o  t h e  k i n e t i c  
energy. Therefore,  t h e  s tagnat ion  enthalpy can be expressed as 

hn/He 
The s tagnat ion  enthalpy 

2 
He = ho + hD + -  2 = he + 2 

2 
ue 

and 

he = ho + hD (A2 1 
The enthalpy of t h e  undissociated gas pe r  u n i t  mass can be approximated 
as 

- 
where c i s  t h e  s p e c i f i c  h e a t  o f  t h e  mixture.  The i"raction energy ir, 
d i s s o c i a t i o n  c m  tken  be approximated as 

P 

- 
h~ he 'pTe 

He He He 
- = - - -  (A41 
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APPENDIX B 

F'LOW PROPERTIES ON A YAWED CYLINDER 

I n  order  t o  c a l c u l a t e  t h e  hea t ing  rates a t  the  s tagnat ion  l i n e  by 
ve ( p ~ ~ ~ ~ ) ~ ,  and (pow)A must using equation (26), t h e  values  of 

be known. 
defined by the  following sketch:  

The coordinate  system used io f i n d  t h e  flow p rope r t i e s  is  

/ 
/ 

/ 
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where t h e  x-coordinate i s  t h e  d is tance  along t h e  cy l inde r  surface meas- 
ured i n  t h e  chordwise d i r e c t i o n  from the  leading  edge. From the sketch 
it i s  e a s i l y  seen t h a t  t h e  spanwise ve loc i ty  i s  represented as 

& 

v1 = v = V1 s i n  A e ,A 

regard less  of whether or not t h e  f l u i d  behaves as a p e r f e c t  or r e a l  gas .  

I f  t h e  perfect-gas  case i s  considered f irst ,  t h e  determination o f  
and (popo)A r equ i r e s  a knowledge of t h e  pressure  and tempera- 

3 
.I 
I 
1 

t u r e  at t h e  w a l l  and i n  t h e  ex te rna l  stream of t h e  s tagnat ion  l i n e .  
t h i s  case t h e  results of reference 7 can be used. 

For 

The absolu te  v i s c o s i t y  p can be computed using t h e  w a l l  tempera- 
ture and t h e  e x t e r n a l  stream temperature TOJA where, from reference  7 ,  

. 
I 
r ; r  
-3 

Since t h e  dei is i ty  va r i e s  a l s o  with t h e  pressure  according t o  tke equat ion 
of state, t h e  s t a t i c  pressure m u s t  be cietelmined from the  i n v i s c i d  flow. 
When the  chordwise component of t he  free-stream v e l o c i t y  i s  supersonic ,  
t h e  w a l l  p ressure  at  the  s tagnat ion  l i n e  can be w r i t t e n  as 

1 

For subsonic chordwise flow, 

P1 

For a r e a l  gas i n  thermodynamic equi l ibr ium, t h e  ex te rna l  stream 
temperature TOJA, t he  molecular weight r a t i o  Zojn, and the  pressure  

I n  order  t o  f i n d  t h e  pressure  
'wo ,A must be known t o  determine 

t h e  following r e l a t i o n s  are requi red?  
pp. 

e 'wo ,AJ 
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p2 - = TIM: cos2A 
p1 

and 

where u2/ul can be found by using figure 2 of reference 12 and the nor- 
mal Mach number M1 cos A (indicated as M1 s in  8 in ref. 12). Once 
p2 and h2 are found, knowing the value of the external stream enthalpy 

the stagnation-line pressure pwo,h can be determined from the He ,A' 
charts of reference 13 by assuming constant entropy. 

The external stream enthalpy He is expressed as 
,A h 

vg 
He,A = He - - 2 

BY knowing Pwo,~ and H,,AJ the charts of reference 13 can be used to Y 

find Zoyh and TO,h. The density is then expressed as 

and 

- h o  ,Am, 
'wo , ARTw pw - 

Away from the stagnation line, equation (44) is used to calculate 
the heating rates. In order to use this expression, the values of p 
and u 
parameters can be easily found once the pressure distribution is pre- 
scribed. 
tion is given by equation (45) I 

w,A 
and the local value of p must be determined. All these flow e ,A 

By using modified Newtonian flow theory the pressure distribu- 

The pressure-gradient parameter p is then defined as 
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where 

I 

or f o r  very co ld  w a l l s  

Once t h e  pressure  i s  known, t h e  ve loc i ty  u ~ , ~  and dens i ty  &,A can 
be found from t h e  c h a r t s  of reference 13 and t h e  following expressions: 
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Density-viscosity relation, popo/p,p, 

Figure 1. - Correlation of stawtion-point heat-transfer parameter. 
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